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Abstract 
Let M be a finitely generated Cohen-Macaulay over a Noetherian regular local ring (R, m). In 
this paper a sharp upper bound is given for the first Betti of M in terms of its codimension, 
multiplicity and 0th Betti number. 
1 Introduction 
In the last years several upper bounds of the Betti numbers have been found. In [3] 
Robbiano, Valla and the author of this paper gave a sharp upper bound of the number 
of generators of perfect ideals, i.e. 0th Betti number, in terms of their initial degree and 
multiplicity. This result was extended to the last Betti number, i.e. Cohen-Macaulay 
type, in [2]. On the other hand, Bigatti and Hulett found sharp upper bounds of the 
Betti numbers of perfect ideals with given Hilbert function, see [l, 41. Using this result 
and the Key Lemma of [3], Valla gave in [7] sharp upper bounds of the Betti numbers 
of perfect ideals in terms of their initial degree and multiplicity. 
The aim of this paper is to give a sharp upper bound of the first Betti number of 
Cohen-Macaulay modules in terms of their 0th Betti number and multiplicity. The 
main result of this paper does not extend to the higher Betti numbers, so the general 
problem to find sharp upper bounds for all Betti numbers of “good” modules remains 
open. 
The contents of this paper is the following: in Section 2 we recall some results about 
number of generators that we will need later on. In the third section we define 
a numerical function @: N3 -+ N that will give the upper bound for the first Betti 
number, last section is devoted to list some values of @. The main result of this paper is 
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Proposition 3.1: if A4 is a finitely generated Cohen-Macaulay module. then it holds: 
jr(M) I @(h(M)> e,(M)> Pa(M)), 
where B,(M), /I1 (M) are the 0th and lth Betti numbers of M, respectively, e,,(M) the 
multiplicity of M, and k(M) its codimension. This bound is sharp. 
2 Combinatorial results 
In this paper we will denote by R a Noetherian regular local ring of dimension 
d with maximal ideal m. Without loss of generality, we can assume that the residual 
field k = R/m infinite. 
Let M be a finitely generated R-module, we denote by IYM the Hilbert function of 
M with respect the maximal ideal of R. As usual we denote by Q,(M) the multiplicity 
of M with respect the maximal ideal of R. The minimal number of generators of M, 
number of generators of M for short, is v(M) = dim,(M/mM). 
In order to give the upper bound for the Betti numbers we need to recall the main 
result of [3]. 
Let m, n be positive integers. Let us consider the n-binomial expansion of m: 
m=(:)+(:I;)+ ... +(1;:,(;) 
where a, > a,_l > ... > uscm) 2 s(m) 2 1. We define the n-binomial transform of 
m by 
We put 0’“’ = 0. 
Definition. Given integers k, e, letj be the integer such that (j-i”‘) I e < (jl”). We 
consider the following numerical function: 
%&4 = r 
I 
(“i!!;‘) n = 0, . . . ,j - 1 
n=j 
0 n >.i 
with r = e - C;izb (“i!!:‘) = e - (j-i’h) 2 0 and r < (j:!;‘). We write j(e) = j, 
r(e) = r, and we put 
a(k,e) = (I(‘)h+lil ‘) -r(e) + r(e)(j(@). 
Notice that Hch.eJ is an admissible numerical function: i.e. there exists a height k ideal 
I c R with HRjr = Hch,e), see [5,6] or [3]. 
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The following result is part of the main result of [3]. In this paper we gave sharp 
upper bounds of the number of generators of perfect ideals with fixed several sets of 
invariants, one of these bounds is: 
Proposition 2.1 (Elias et al. [3]). Let I be a height h perfect ideal of’R, then it holds: 
t?(I) I v(h,eJR/Z)). 
For all integers h, e there exists u perfect height h ideal I c R such that e,(R/I) = P and 
u(l) = v(h,e). 
Remark 1. The ideal that reaches the bound can be computed explicitly: it is the 
lex-segment ideal in the first h variables associated with H,h,ej, see [3]. For instance, if 
11 = 2, e = 8 then an ideal that reaches the bound is the ideal generated by 
X(X - 1)(X - 2) X(X - l)Y, XY(Y - l)(Y - 2), Y(Y - l)(Y - 2)(Y - 3). Notice 
that H Rj, = { 1,2,3,2,0, . . . }, and U(Z) = 2;(2,8) = 4. 
3 Sharp upper bound of the first Betti number 
In this section we will denote by M a finitely generated Cohen-Macaulay R-module 
of dimension t; we consider a minimal presentation 
recall that minimal means Ker(cpi) c mRh4 for i = 0,l. Notice that /$, and fli are the 
0th and lth Betti number of M, respectively. We define the codimension of M by 
h(M) = d - t = h(Ann(M)). 
Definition. Given integers h, e, b, we denote by @(h, e, h) the maximum of the integers 
Cr= 1 t’(h, ei) where e, > 0, and e, + ... + eh = e. In the last section we will compute 
@(h, e, h) for some values of h, e, b. 
The main result of this paper is the following. 
Proposition 3.1. Let M he a finitely generated Cohen-Macaulay R-module, then it 
holds: 
P,(M) I @(h(M),e,(M), NM)). 
This bound is sharp: for all h, e, b, there exists a R-module M such that h(M) = h, 
e,,(M) = e, P,(M) = b, and, PI(M) = @(h,e,b). 
Proof. First step is to reduce to the case M Artinian; for this we need the following 
well known fact. 
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Lemma 3.1. A generic set of elements Xi E m/m’, i = 1, . . . , t is a regular sequence 
of M. 
Let us consider a minimal presentation of M: 
Let x1, . . , xt be a generic linear regular sequence of M. After tensoring the exact 
sequence (1) by the R-module R* = R/(x1, . ,x,) we obtain a minimal presentation of 
M* = M/(x1, . , x,)M: 
we have dim(M*) = 0, dim(R*) = dim(R) - t = h(M), and eO(M*) = co(M). Hence, 
we may assume that M is an Artinian R-module and dim(R) = h(M). 0 
Let Zi : R On-R be the projection in the ith component. We define a filtration of 
submodules of Ker(cp,) by: Ci = {O E Ker(cp,)Inj(w) = 0, j = 1, . . . , i - l}, for 
i = 2, . . , PO, and Zr = Ker(cp& We will consider the ideals Ii = ni(Ci), for 
i=l 9 ..’ > PO, we put Vi = U(li). 
Lemma 3.2. For all i = 1, . . , fi,, the rings R/Ii are Artinian, and it holds 
PI(M) = v(Zl) + ... + u(l,~,). 
Proof. Since 
0 = dim(M) = dim(R/Ann(M)), 
there exists an integer a such that 
ma c Arm(M), 
and then 
maRDo c Cl. 
From this we deduce that 
ma C Ii 
for all i = 1, . . . ,/&,, so RlIi is Artinian. 0 
Letwl, . . . , co, be elements of Cr, s = u1 + ... + oB,,, such that rrl(wl), . . . ,rcr(w,,) is 
a minimal system of generators of II, and for all i = 2, . . , ,!& the set 
7Ci(O”, + + D,_l + I), . . , Iti(W”, + ,,. + “i) is a minimal system of generators Of Ii. 
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First, we will prove that or, . . . ,o, is a system of generators of Cr. Let O.I be an 
element of Ci, i E {l, . . . , /I,,}, so there exist gr, . . . ,gV, E R such that 
7Ci(W) = $J gj7ci(""l+ +o,_,+j). 
i= 1 
Hence. we have 
by recurrence on i we get that wr, . . . , co, is a system of generators of Cr. 
Let al, . . . , a, be elements of R such that 
so we have 
Since 7c1 (car), . . . ,x1 (co,,) form a minimal system of generators of I, we get 
al, . ,a,, E m, and then 
i=$+laiWEmzl. 
II 
Byinductionwegeta, ,..., a,Em.Hence,wr, . . . , w, is a minimal system of generators 
of Cl, so /?,(M) = v(C,) = s = vr + ... + 210,. 
Lemma 3.3. eO(M) = COO 1 e,(R/Zi). 
Proof. Let us consider the following exact sequence of R-modules: 
o- 
Ii x @o-i Rx RBo-' I>t R 
Ci - Ci 
---0 
Ii 
for i = 1, . . , PO, where pi is the morphism induced by the ith projection: 
From this we deduce 
44 J. Elias/Journnl of’Pure and Applied Algehru 107 (1996) 39-46 
Let us consider the map 
R”n-’ ,, Ii x R”“-’ 
cl- Ci ’ 
whereA(ai+ i, . . . , aa,) = (0. ai+ i, . . , CI~,). Notice that5 is an isomorphism of R-mod- 
ules, so we have 
By recurrence we get 
go(M) = dim, (~)=ig%(~). 0 
Since Ii are perfect ideals of R, from Lemma 3.2 and Proposition 2.1 we get 
pi(M) = t;(Zi) + ... + u(Z,,) < t U(h(M),eo(R/Zi)), 
i=l 
and from Lemma 3.3 we obtain 
The sharp part is a consequence of Proposition 2.1. Let ei, . . . , e,, be a set of integers 
such that e = ei + ... + eb, and @(h, e, b) = If= 1 a(h, ei). From Proposition 2.1 there 
are height h perfect ideals Ii c R with eo(Zi) = ei, and O(Zi) = v(h,eJ. The module 
verifies h(M) = h, co(M) = e, B,,(M) = b, and j?i = @(h. e, b). 
Remark 2. If M is an perfect ideal M = Z c R, then PO(M) = 1 and the bound of this 
paper is the previous one obtained in [3], i.e. @(h, e, 1) = v(h, e). 
Remark 3. A natural strategy to obtain sharp upper bounds of all Betti numbers is to 
apply the main result of this paper to the higher syzygy modules of M. This is not 
possible: for these modules Cohen-Macaulay implies free, it is an easy Corollary of 
Auslander-Buchsbaum formulae. 
Example 1. We will compute explicitly a module that takes the bound for h = 2, b = 3 
and e = 24. In this case M is quotient of R3. We denote by ei, i = 1,2,3 a R-base of R3. 
Let us consider the submodule N of R3 generated by 
(1) eiX(X - 1)(X - 2), eiX(X - l)Y, eiXY(Y - l), eiY(Y - l)(Y - 2)(Y - 3); 
(2) e,X(X - 1)(X - 2), e,X(X - l)Y, ezXY(Y - l)(Y - 2), ezY(Y - 1) 
(Y - 2)(Y - 3); 
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(3) e,X(X - 1)(X - 2)(X - 3), e,X(X - 1)(X - 2) Y, e3X(X - 1) Y(Y - I), 
e,XY(Y - l)(Y - 2), e3Y(Y - l)(Y - 2)(Y - 3). 
The module M = R3/N has Betti numbers P,,(M) = 3 and /J,(M) = v(N) = 13. The 
Hilbert function of M is HM = { 3,6,9,6,0, . . 1. 
4 Some computations 
In this section we will give some computations of @(h. e, b) for several values of 
(h, e, b): h = 2,3, b = 1,2,3 and b(h + 1) I e I 30. 
h P h @(h,e, b) h e b @(/I, e, h) h B h @(h. c'. h) 
2 3 I 3 
2 4 1 3 - 
2 5 1 3 
2 6 1 4 2 
2 I 1 4 2 
2 8 1 4 2 
2 9 1 4 2 
2 10 1 5 2 
2 II 1 5 2 
2 12 I 5 2 
2 13 I 5 2 
2 14 1 5 2 
2 15 I 6 2 
2 16 I 6 2 
2 17 1 6 2 
7 18 I 6 2 
2 19 1 6 2 
2 20 I 6 2 
2 21 I 7 2 
2 22 1 7 2 
2 23 I 7 2 
2 24 1 I 2 
2 25 I 7 2 
2 26 I 7 2 
2 21 1 7 2 
2 28 I 8 2 
2 29 I 8 2 
2 30 1 8 2 
3 4 1 6 
3 5 1 6 
3 6 1 6 - 
3 I 1 7 
3 8 1 I 3 
3 9 1 8 3 
3 10 1 10 3 
3 II I 10 3 
3 12 1 10 3 
6 
I 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
21 
28 
29 
30 
-~ 
8 
9 
10 
11 
12 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
- 
-. 
6 
6 
6 
1 2 
7 2 
I 2 
8 2 
8 2 
8 2 
8 2 
9 2 
9 2 
9 2 
9 2 
IO 2 
10 2 
10 2 
10 2 
10 2 
11 2 
II 2 
11 2 
II 2 
II 2 
12 2 
12 
12 
12 
13 
13 3 
_ 
9 
IO 
II 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
21 
28 
29 
30 
12 
_ 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
_ 
3 
9 
9 
9 
10 
10 
IO 
11 
II 
II 
12 
12 
12 
12 
13 
13 
13 
13 
14 
14 
14 
14 
15 
18 
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h e b @(h, e, b) h e b @(h, e, b) h e b @(h, e, b) 
3 13 10 3 13 2 14 3 13 3 18 
3 14 11 3 14 2 16 3 14 3 18 
3 15 11 3 15 2 16 3 15 3 19 
3 16 11 3 16 2 17 3 16 3 19 
3 17 12 3 17 2 19 3 17 3 20 
3 18 12 3 18 2 17 3 18 3 22 
3 19 12 3 19 2 18 3 19 3 22 
3 20 15 3 20 2 20 3 20 3 22 
3 21 15 3 21 2 20 3 21 3 23 
3 22 15 3 22 2 20 3 22 3 23 
3 23 15 3 23 2 20 3 23 3 24 
3 24 15 3 24 2 21 3 24 3 26 
3 25 16 3 25 2 21 3 25 3 26 
3 26 16 3 26 2 21 3 26 3 26 
3 27 16 3 27 2 22 3 27 3 27 
3 28 16 3 28 2 22 3 28 3 31 
3 29 17 3 29 2 23 3 29 3 38 
3 30 17 3 30 2 25 3 30 3 30 
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